Abstract The canonical function method (CFM) is a powerful accurate and fast method that solves the Schrodinger equation for the eigenvalues directly without evaluating the eigenfunctions. In this work, it is applied to the solution 1D Schrodinger equation specializing to the linear potential that is perturbed by electric field. The linear and square Stark effects are perturbation terms. Finally, the CFM results will be compared with the exact results. The CFM method is superior to many standard techniques that have been used to solve the Schrodinger equation such as Numervo.
Introduction
In quantum mechanics, the analysis of systems with various potentials is important. A system with a symmetrical linear potential V z ð Þ ¼ F z j j is a simple model to analyze neutron quantized balances in the gravity field of earth. A particle with this potential is studied as ''a quantum bouncing ball'' in [4] [5] [6] .
The Canonical Function Method (CFM) can handle a large variety of quantum problems [1] , also the eigenvalues problem making it an extremely versatile, fast and highly accurate.
The CFM turns the two-point boundary value Schrodinger problem into initial value of Schrodinger problem and allows full and accurate determination of the spectrum. This is done by expressing the solution as a sum of two linearly independent functions (the canonical functions) with specific values at some arbitrary point belonging to the interval defined by the two boundaries. The integration proceeds simultaneously from this point toward the left and right boundaries evaluating at each step a corresponding ratio. It stops when the difference between the left and right ratio is below a given desired precision [2] .
In this work, we discuss the application of CFM to a system with a linear potential; we consider the Stark effect as a perturbation term of desired potential (the second-order shifts in the energy spectrum due to an external constant force) in a one-dimensional model quantum mechanical system described by the linear potentials, the so-called quantum bouncer (defined by V (z) = Fz for z [ 0 and V (z) = ? for z \ 0) and the symmetric linear potential (given by V (z) = F|z|). We show how straightforward use of the most obvious properties of the Airy function solutions gives closed form results for the Stark shifts in this system [3] .
This article is organized as follows: the next section is a description of the CFM and exact solutions of Schrodinger Equation with the Linear Potential in 1D with the appropriate boundary conditions. In Sect. 3, the Stark effect for 1D quantum mechanical system described by the linear potentials and the CFM is applied to the Stark effect in the quantum bouncer and the CFM results will be compared with analytical solution of the Stark effect in quantum bouncer (Airy functions). Finally, Sect. 4 bears our conclusions.
www.SID.ir A r c h i v e o f S I D

Solving Schrodinger equation with linear potentials
Terrestrial objects are confined by the Earth's gravitational field. Since the gravitational interaction is weak, the quantum effects of gravity are not observed in the macroworld. Evidence for the quantized gravitational energy levels is the quantum bouncer (to a so-called ''The quantum bouncer'') [4] . It has been a favorite example in the repertoire of solvable one-dimensional problem for those who teach quantum physics. This academic problem has received renewed attention as the simplest model for quantum states of neutrons in the Earth's gravitational field [5] . Now, if we consider the Schrodinger equation for a particle under the influence of gravity which is bounced on a perfectly reflecting surface, the particle has this linear potential
This problem has been solved by Airy special functions Ai x ð Þ and Bi x ð Þ [6] . The Airy functions are solutions of the differential Equation [7] :
The Airy functions are the solutions of the Schrodinger equation for a particle confined by a triangular well and for a particle in a one-dimensional constant force field. 
The exact solution
The Schrodinger equation for the quantum bouncer is:
Using the change of variable and the definitions:
The solutions of Eq. (3) are two linearly independent Airy functions Ai x À f n ð Þ and Bi x À f n ð Þ. The Bi x À f n ð Þ solution diverges for large positive argument and does not satisfy the boundary condition w z ! 1 ð Þ¼0, therefore it is excluded. The energy eigenvalues are determined by the boundary condition imposed by the infinite wall at the origin, namely that w z ¼ 0 ð Þ¼Ai Àf n ð Þ ¼ 0 (Fig. 2 ). The quantized energies are then given in terms of the zeros of the well-behaved Airy function AiðÀf n Þ with E n ¼ e 0 f n . The quantized energies become
The eigenfunctions of this potential are:
Þwhere w n z ð Þ j j 2 is the probability distribution for a particle that bounces near the surface. All the eigenfunctions for this problem are pieces of the same function, the Airy function Ai, shifted in each case so that it has a zero at z = 0 and by z\0 part truncated. In Table 1 , eigenvalues of the linear potential for the first five levels are illustrated.
The CFM solution
For solving by CFM method, we start from a point z 0 2 ½z 1 ; z 2 and indicate the solution as a superposition of two linearly independent functions a E; z ð Þ; b E; z ð Þ depending on the energy E and the abscissa z such that [7] : 
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And its derivative is:
Two linear independent functions a E; z ð Þ; b E; z ð Þare:
The CFM is based on the extraction of eigenvalues from the zeros of the eigenvalues function F E ð Þ which is defined from the solution of the left (z ! z 1 ) and right (z ! z 2 ). Functions l þ E ð Þ and l À E ð Þ by the ratio of canonical functions a E; z ð Þ; b E; z ð Þ or their derivatives are obtained.
There are several types of the eigenvalues functions defined as the differences between left and right ratio function [7] .
The initial condition could be used in this problem:
À a E; z ð Þ bðE; zÞ Equations (9) are simplified to:
By considering to Eqs. (10), (11) and (12), we get to:
By simplification:
Equation (13) has two factors, one of them contains only values at z ¼ z 0 and the other contains values z 1 and z 2 that we should put it equal to zero:
The eigenfunctions of the linear potential (6) are:
Equation (15) is an equation from f n E n ð Þ, z 1 and z 2 where f n E n ð Þ is unknown, but z 1 and z 2 are known and arbitrary ( Table 2 ).
The aim is to find those values of E n for which the left side of (15) The results of the CFM method are so near to the exact results, it means that this method is so useful and accurate; the results of CFM method in all of the levels of energies are so near to the exact result.
The Stark effect in linear potentials
Consider a particle (electron) is subject to the influence of gravity (g) and electric field 2 0 . In this case, the level of energy is shifted due to this electric field (Table 3) . 
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Hamiltonian of particle in the gravity of earth is:
Considering first-and second-order stark effect:
The Exact solution
On the basis of Eq. (17), the Schrodinger equation is written as follows:
Equation (18) can be written as follows: That can be written as:
Using the change of variables:
Equation (19) becomes:
The harmonic oscillator Schrodinger's equation is [8] :
Where value of energies is:
Or
Comparison of Eq. (22), (23) and considering the boundary condition w z ! 1 ð Þ¼0, we have:
Substituting Eq. (20) in Eq. (26), the exact eigenvalues are:
Supposing that n ¼ 1; 2 0 ¼ 10 À11v = m and " h ¼ 1:054 Â 10 À34 j:s; m e ¼ 9:11 Â 10 À31 kg; e ¼ 1:6 Â 10 À19 C; g ¼ 9:8 m s 2 : Exact value of first level of energy becomes:
The Perturbed solution
According to the Subsect. (2.1), the normalized eigenfunctions of the unperturbed linear potential is:
By assuming linear stark effect, the Perturbed Hamiltonian becomes:
The first-order energy shift is:
By replacing the perturbed potential, we have [8] :
Now, considering the square stark effect, Hamiltonian becomes:
Then, the perturbed potential caused by the square stark effect is:
Hence, the shift of energy is: Table 4 illustrates shift of energy by the square stark effect and Table 5 compares influence of the linear and square stark effect on shift of energy.
The CFM Solution
To apply the CFM method, first we note that the exact eigenfunction of harmonic oscillator with boundary condition w z ! AE1 ð Þ¼0, is as:
where y is Hermite function. The Hermite functions satisfy the differential Eq. (23). Therefore, the eigenfunction can be defined as follows [9] : 
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Equation (46) can be rewritten as follows:
To find the zeros of Eq. (47), we have used instruction of ''Find Root'' method in Mathematica software such as a numerical method. Therefore, we obtain: n ¼ 1:7 Â 10 10 By replacing value of n in Eq. (26) and considering values of " h; m; e; g, the energy equals: E ¼ 0:18 Â 10 À37 j
Conclusion
In this paper, the perturbed linear potentials due to influence of electrical field were studied. The stark effect in the linear potential was investigated in three methods (Exact, CFM and Perturbed). We show that the Airy functions (Ai x ð Þ; Bi x ð Þ) are eigenfunctions of the unperturbed linear potential. Since the Bi x ð Þ solution diverges for large positive argument and it does not satisfy the boundary condition w 1 ð Þ ¼ 0, therefore it is excluded. Then, the quantized energies are then given in terms of the zeros of the well-behaved Airy function AiðÀf n Þ with E n ¼ e 0 f n . Also, we investigated the stark effect in the linear potential that is term of perturbation in the Schrodinger equation. The exact solution leads to Hermite functions and eigenvalues adherence relation of E n ¼ n þ Finally, the eigenvalues were obtained by the perturbed theory and CFM method. The eigenvalues of the system by CFM method are so near to the exact results but the consequence of perturbation predictions does not have this precision.
